Appendix C

Analytical Solution for 3-D Steady-State Groundwater Flow

APPENDIX C

ANALYTICAL SOLUTION FOR THREE-DIMENSIONAL
STEADY-STATE GROUNDWATER FLOW IN A CONSTANT

Notation
B
F
K)
H, H,
|
K, ,Ky K,
L
X, Y, Z
X1, X2, Y1, Yo

THICKNESS AQUIFER

Thickness of aquifer (held constant) [L].
Net leachate rate under the patch, expressed as a Darcian velocity.

Note that the net infiltration rate at any point is the sum of F
and .

L3wW
LT
Hydraulic head [L].

Hydraulic head specified at the upstream (x=0) and downstream (x=L)
boundaries [L]. These are boundary conditions for the x domain.

L*w
L2T

Net regional infiltration rate, expressed as a Darcian velocity

. o |L3W
Saturated hydraulic conductivity |——
LT
Distance between the upstream and downstream specified heads [L].

Spatial coordinates, where z is the vertical dimension, with the aquifer
surface specified at z=0 and aquifer base as z=B [L].

Spatial coordinates defining the areal patch over which flux F is
applied [L]. Note that L>x, >x, >0 and y, >y,.

Steady-state, 3-D flow in an aquifer is defined by Laplace’s Equation

Ly

L3T

FH ., FH L P

ox? dy? 9z?

K (C.1)

X
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Appendix C Analytical Solution for 3-D Steady-State Groundwater Flow

with boundary conditions

H(0,y,z,)=H,
H(L,y,z,»)=H,
oH

— (x,£,z,2)=0
ay( )=

(C.2)

K, S (xy0%) = FIUGex)- Ul xIIUG-35) = Uly-y)l + |

oH
T~ (X! y’ B: °°) =
oz

where | is the net Darcian infiltration rate of rainfall (uniformly constant), F is the net
Darcian infiltration rate of leachate (applied only over the surface patch defined by x;,
Xy, Y1, ¥,) @nd U (¢) is the Heaviside unit step function.

A fundamental assumption of the above is that the saturated thickness B remains
constant, despite the fact that there is mounding.

Consider the following integral transform for a finite x domain which has two first type
boundary conditions:

H(B ¥, 2,2) = \17 fsm (B,X") H(x'y,z,=)dx’ (C.3)

and its inversion transform

H(x,y,z,=) = E £ sin (B,x)H(B,» Y, 2:) (C.4)

where the eigenvalues B, are defined by

B, = % m=1,2- (C.5)
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Appendix C Analytical Solution for 3-D Steady-State Groundwater Flow

The integral transform for an infinite y domain is given by:

o0

H (B,,Vv,z,») = J 4 HB,,Y 'z )dy’ (C.6)
y:—oo
and the inversion formula
Bz = = | e AB,viz=av €7
2, Y,

The integral transform for the finite z domain which has two second type boundary
conditions is:

o

_ A " = . . Cc.8
A Bpvyp,=) = — f cos (y,z) H (B, v,z ,%)dz (€8)
\/Ez': 0
and the inversion formula
_ ~ o0 An = (Cg)
H (Bm,V,Z,OO) - Z — COSs (Lan)H(Bm! v, l-pn! oo)
n=0yB
where the coefficient A, equals
1 n=0
A - {ﬁ - (C.10)
and eigenvalues y,
W,= ”—E;’ n=0,1,2," (C.11)
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Appendix C Analytical Solution for 3-D Steady-State Groundwater Flow

Remove the x variation in Equation (C.1) by multiplying this equation by

E sin (B,x") and then

integrating the resultant expression with respect to x' from 0 to L, using the transform
given by

Equation (C.3) to get:

2 y BHLT 2 T e (C12)
{Kx \lt sin (B,x) ax}cL {Kme Jt cos (B, X) H}(|) K.BnH

The first termK, E sin (B,x) Z—ZI is equates to 0 when integrated from O to L.

Substitute the boundary conditions of Equation (C.2) into Equation (C.12) and
rearrange to get

- 2 A1 - KR 62H PH (C.13)
K.Bn T [H, (-1)"-H,] - K82 H + Kyy . Kza_xz -0
with boundary conditions
oH
A !iw; Z, o) = 0
=0 (C.14)

oH
E (Bm! y! B! )

x2

K2 0,00 - F\E W0 y) - Uyl | sin B0) o

L 1
+ 1 Exlosin (B,x )dx .
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Remove the y variation in Equation (C.13) by multiplying this Equation by €' and
then integrating the resultant expression with respect to y' from +e using the
transform given Equation (C.6) to get:

y (C.15)
-KXB,,,\E[H2 (—1)’"—H1]J wdy' - KBnH - Kv2H + Kaz—H -0

% 9z2

with boundary conditions

oH B
E (Bm’ V,B,°°) -

L
(Bm,vO ®) = \17 fsm (Bmx)f "’ydydx + IE .| sin (B,x
x=0 (C.16)

X'X.] yy1

. f e™dy dx.

y'=—oo

Remove the z variation in Equation (C.15) by multiplying this Equation by

An

— cos (v,Z') and then

/B
integrating the resultant expression with respect to z' from 0 to B, using the transform
given by Equation (C.8) to get:

([H (-1)"- H]f 'chos (w,z) dz'dy’

y_—oo
_ B B (C.17)
A, ~oH A, . =
+{K,— cos(p,z )—}| + < Kw,— sin(y, z)H }|
/B oz 0 /B 0
- A (KB% + KV? + Ky = 0
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Appendix C Analytical Solution for 3-D Steady-State Groundwater Flow

A =
The third term Kzlunf” sin (y,2)H equates to 0 when integrated from O to L.
B

Substitute the boundary conditions of Equation (C.16) with Equation (C.17) and
solve for

A (B, v, y, ).

i m_ -ivy o
mAn\l; [Hy(- 1)"-H,] f fcos (w,2) dz' dy

y— -
(Kme+ Kyv + Kqun)

ﬁl(Bmv vV, W, °°) = -

Return A back to H by multiplying Equation (C.18) by the following three variables:

icos (w,2)
/B oz

173 X
2 ivy' i '
AF\ & fe K4 fsm (Bx) dx' dy (C.18)

Y=Yy, X'=X4
(KB + Ky2+ K%

A,JJ; f iy f sin (B x') dx' dy'

(Kme+ Kyv + Kzll.ln)

=i

vy
and sum with respect to n from 0 to ; © and integrate with respect to v from

too; \17% sin (B,,x) and sum with respect to m from 1 to . Upon substitution,
Equation (C.18)

reduces to:

K oo
Hx,9,2,) = — ZIB,,,sin(B,,z) [Hy(- 1)"- H]] Z Acos(P2)

LBT 5= m=1
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©

.f cos (1,2') f f e M dvdy' dz' (C.19)
=0 yi-e  vi-e (KB, +Kyv2+Kz¢:)

_F Z sin(B,,x) E A cos (Lu,,z)JI sin(B,.X') f J' e M) dvdy' d.
" X=X Y=-y, v=-o (KB +Kyv2+ Kw

| e Mv-¥) dvdy' dx
— sin( A cos (y,z sin(
L my: (B,%) z ( )f (B,%) f f B s

Note the following integral

- -ty VP ik
J‘ e—iv(.V‘y) v - e K, (C20)
2 2 2
v (B Ko + VK + 0 K) VKBZK, + WEK)
Note the following change in variables
y n
n= y_ 'V — o0 -]
dn=-ay
Yi Y=Y (C.21)
Y2 Y-¥,

Substitute Equations (C.20) and (C.21) into Equation (C.19) and rearrange to get

K oo o a2
X Y B,sin(B,x) [Hy(-1)"-H,] ¥ acos(y, 2)

H(X,y,z,o) = -
LB\/K, m=1 n=0\/(Bi1Kx + YK
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Appendix C
B w B2 Ky + UEKy
f cos (y,2') f ce Y Y gndz
Z=0 n=-e
. . X B (y2_ y) B;Kx" ""f;Kz
Sin \J K,
N Y sin(B,x) ¥ AZcos(y,z) f In(BrX) f e ' ¥ dgndx (C.22)
LB/K, m=1 n=0 X=x, \/([anx + Y2K) nN=y,-y

L 0 Bi,KX‘r luiKz
oo sin \ e
(Brx) Y dndx.

+ Ly singx EA,fCOS(w,,Z)f e Inl
LB, m=1 T nT0 T e g k) o

Note the following integrals:

f e aln| dn = 2J‘e an drl = g (C23)
n=-= n=0 a
Ym ) . :
f e @l dn = [e—alyl-yl_ 1 w - [ealyz—yl_ 1 M (C.24)
a a
n=y;-y

1 n is positive

sign (n) = { 0 niszero
-1 nis negative

The derivative of Equation (C.24) with respect to y is given by

yz_y
da { f e~ anl dn }= e-alerI _e‘a|)’2‘)’| (C.25)

dy
i~y
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Appendix C Analytical Solution for 3-D Steady-State Groundwater Flow

B
N 4 (8iN(Y B)-sin() [ B n=0
locos (p,z)dz' = v = {0 n=12.- (C.26)
L

f sin (Bmx.) dx' = - (COS(BmL)— COS(O)) _ [1 - (— 1)m] (C27)

x'=0 Bm Bm
J sin ) - =) k) (c.28)

X'=X4 m

Substitute Equations (C.23)-(C.24), (C.26)-(C.28) into Equation (C.22) and rearrange
to get

2 sin(B
H (X!y!Z! °°) = _g Z ( mX) [HZ(_1)m_H1]
L m=1 m
21 & sin(B,X) > AZcos(y,z2)
+—= Y ——N--1)" ¥ C.29
BL.m=1 By n=0(BzK, + WK, (€.29)
> sin(B * A,fcosw
Eoy T foos(@)- cos(Bg] ¢ T aro e
m=1 m n=0 (B,K,+ y,K,)
°{[e'a'y"y'- 1) sign (v,-y) - e ="'~ 1) sign (yz—y)}
where
. - B Ky * Wa K,
A _ { 1 Ky n=0
" V2 n=12"
Z. Y, = n_; n= 0'1’...
X: B = n_Ln m=12,"
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§ sin(B,X)  (L-x)

m=1 Bn 2 iff x > 0 (C.30)

m; sin (B,,gnz(—nm ) _7,( e

m; sin é;m _ L;x . L:Z . )1(_; > 0 ca2)
m§1 W o LT? ' :—; (C33)

Substitute Equations (C.30)-(C.33) into Equation (C.29):

H(X:y,2,°°) = H1 + (H2 - H1)£ + —I([_x_ X2)

L 2KB
* sin(B it cos(y,z
P Ay SO gy y SR
m=1  Bn n=1 B, K, + wv,K,)
2 sin > AZcos
£y B [cos (B,x;) - cos (Bl ¥ — (lIJ,,ZZ) (C.34)
BL m=1 Pn n=0 (B3 K, + W2K)
°{[e‘a'y1‘y'— 1) sign(y,-y) — 1”1 sign(y,- y)}
where
_ 1 n=0
AP T {ﬁ n=1.2-
W, = nm/B n=01,"
B = mn/L  m=12,~
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BAK, + WK,
K.V

and

[o o]

cos (B,X) _ LcoshlaL(1-x/L)] 1
m=1(2 + a?) 2asinh[La] 2a

(C.35)

where o = y,?K_ /K, cosh[] is the hyperbolic cosine function, sinh[*] is the hyperbolic
sine function and

cos (B,X) (-1)" _ Lcoshlox] 1
1 B+ o) 2asinhlLa] 202

(C.36)

e

Integrating Equations (C.35) and (C.36) with respect to x gives the following new
infinite series:

[o o]

sin(B,x) _ - Lsinh[alL(1-x/L)] , (L - X)
m=1B,(B2 + o?) 2asinh[La] 202

(C.37)

Esin(BmX)(-ﬂ"’ _ _Lsinhjax] _  x
m=1p(B2 + a?)  2a’sinhfal]  20?

(C.38)

Substitute Equations (C.37) and (C.38) into Equation (C.34).

B I(Lx - x%)
H(xyz») = H H, - H) X + \&X - X7)
%y.2,=) 1+ (Hy 1)L+ 2K B

[e o]

_ 20 cos(y,2)

inh[a(L - x)] - sinh(al) + sinh(ax
KB n=1 Lpf,sinh(aL) ( ) b ( )}

[o o] . o AZ
_ F y M [cos (B,x,) - cos(B,x)]* Y chos(tanZ)
BL m=1 Bm 20 K. + W2K)

(C.39)

Jle Y- 1] sign(y,-y) - [e """~ 1] sign(y,- y)}
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where
BLK, + WK,
K.V

o = /K, /K,

B = mr/L m=12~

a =

W, = ni/B n=0,1,"

Note the following infinite series

o sin(w,2)  (B-2z)
n§1 TR (C.40)

n

L ——— = & & 7 (C.41)

E cos (y,2) ) Bcosh[(B - 2)B,/K,/K)] ) 1

C.42
n=1BK, + w’K) 2B, /K Ksinh[BB /[KIK] 2B.K, (€42)
00 . 2 2 _
5 00 foos(B) - cos(Bx - 2 X) o DX
m=1 B, 4 2
L= X UG- X)) Lx- %PU(X- X,) (C.43a)
4 4

C-12



Appendix C Analytical Solution for 3-D Steady-State Groundwater Flow

(2]

sin(B,,x) [cos(B, x,) - cos(B,x,)] - Lsinh[a(L - (x+ x,))] - sinh[a(L- (x+ X,))]

m=1 B, (B + o) 4asinh[al]

~ Lsinh[a(L - (x- x,))]U (x- X,) . Lsinh[a(L - (x,- x))]U(x,~ X)
4a%sinh[aL] 4a®sinh[al]

(C.43b)
 Lsinhla(L - (x-x))U(x-x,) _ Lsinhfa(L- (x,- X)1U(x,~ X)

4asinh[aL] 4asinh[aL]

- 2%2 [U(x- X;) - UX- X,)]

Substitute Equations (C.40)-(C.44) into Equation (C.39) and rearrange terms to get
the final solution.

The steady-state, 3-D hydraulic head is given by:

_y2 2 2

H(X».V1Z,°°) = H1 + (HZ_ H1)£ + I(LX X ) + I [B_— Bz + Z_]

L 2K.B KB 3 2

21 o cos(y,2)

KB n-1 wisinh(aL)

inh[a(L- x)] + sinh(ax)}

) ) x(x2- x3) (x- x,2U(x~- x,)
. 2!2 —18gn(y,~ ) Signly,~ Yll- =5 + A -
. (X— X,2U(x~ x,)
2 (C.44)
F

+

2 2
i 5 151902 Y)= Sty = YU x)- Ut xz)u%— Bz + 2]

cos(w,z)

F . . =
- [sign(y,- y)- sign(y,- y)]
2K B 2 1 n§1 w2sinh(aL)

- sinh[a(L- (x+ x,))] - sinh[o(L- (x- Xx,))]U(x- X,)
+sinh[a(L- (x,- x)]U(x,- x) + sinh[a(L- (x- x,))]U(x- x,)

- sinh[a(L- (x,- x))]U(x,- x)}

inh[a(L- (x+ x,))]
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K
© ‘BMF ¥4~ ¥
e L O fcos(B)- cos(Bl| @ N5 wsign(y- v,
x m=1 m
K
—Bm\J; |Yo- I )
-e Y * sign(y,-y)
it © sin
. 2F Y wsin(w,z) Y (Pr) [cos(B,,x,)- cos(B,x,)]
LB n=1 m=1 B, (B2K,+ W2K,)
o[e” " esign(y, - y) - e Vesign(y,~ y)]
where
B, = mrm/L m=1, 2,
gy, = nm/L n=0,1,
_ (BoK+ Wik, o=y, JKJK,
K ,

The spatial derivatives of the hydraulic head are computed as:

(Hy-Hy)  (L-2x)
L 2K B

oH
—_ (X’yvz1°°) =
ox

21 o cos(yR)
B,/KXKZ n-1 YnSinh(al)

{— cosh[a(L- x)] + cosh(ax)}

(x,f—xf)
[sign(y,-y) - sign(y,- y)I[- + (%- %) - (x=x ) U(x- x,)

2KXB 2L

+(X- X,) U(x- x,)] (C.43)

_F > cos(y,2)
Tm[agn(yz y)- sign(y,- )] n21 v sinh(al)

+ cosh[a(L- (x+x,))] + cosh[a(L- (x-x,))]U(x- x,)

+ cosh[a(L- (x,- X))]U(x,- x) - cosh[a(L- (x- x,))]U(x- x,)

- cosh[a(L- (x,- x)]U(x, - x)]

[- cosh[a(L- (x+ x,))]
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F cos(B,,X)

0 -B |Y1‘YI\JE
Bk Z [cos(B,x,)- cos(B,x,)] sign(y,- y)-e %
m=1 g

m
KX
) ~Bmlyz- yI\J;
- sign(y,-y)+e Y

N % Y cos(y,z) Y sin(BrmX) [cos(B,X,)- cos(B,x,)]
n=1

m=1 8 /K (B2K,+ WK,)

-{e -alyy-yl _ e —alyz—yl}

oH F = sin(B,x)
— Xy, Z,°) = - [COS B CcOos B ]
3y (X.y,2,) LBM m§1 Bm (BmXo)- (Baxy)
(C.46)
K, K,
.e—Bmlyryh e _e—Bmlyz—yI« K,
-2k Y. cos(y,z) Y Sin(B,) [cos(B,x,) - cos(B,x,)]
LB n=1 m=1 B (BK+ WK,)

{e Y lsign(y,- y) - e sign(y,- y)}
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21 E sin(y,2)

KB 21 w,sinh(aL) nhlaE=x]

Z®) = ——(- B+
(XyZ ) = zB( +2) +

- sinh(o + — = [sign(y, )= sign(y,~ YU~ X))~ Ux- I~ B+ 2

V4

(C.47)

o sin(y2)
——I[sign(y,- y)- sign(y,-y)1 X [sinh[oa(L- (x+ x)]

2K B n=1 Y,sinh(al)
- sinh[a(L- (x+ x,))] - sinh[a(L- (x- x,))]U(x- x,)
+sinh[a(L- (x,- x))]U(x,—- x) + sinh[a(L- (x- x,))]U(x- x,)
- sinh[a(L- (x,- x))]U(x,- x)

+ 2F 2 wsinw,z) Y sin(BrX) [cos(B,X,)- cos(B,x,)]
LB n=1 m=1 |3 (B an z)
e aly-yl osign(y1 —y)-e” aly>-yl, sign(yz— %

Special 2-D Areal Case

The 2-D areal groundwater mounding problem can be computed by integrating the
partial differential Equation given in Equation (C.1) with respect to z between 0 and
B:

- B
kK PHp ., K, PHp kM| <o (C.48)
ox2 ay? 0z 0
where
Hocys) = | P02 g7 (C.49)
0

is the depth averaged head.
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Substitute the boundary conditions of Equation (C.2) into Equation (C.48) and then
divide through by B:

“ax? Y oy + g+ gLl x) = U=l Uy = y1)- Uly=y,)l = 0(c.50)

with boundary conditions

EI(O’y’OO) = H1

by=) = Fy (C.51)
Hi ) = 0
oy

The analytical solution given by Equation (C.44) can also be integrated with respect
to z and then divide by B to give the depth averaged head. This corresponds to the
solution of Equations (C.50)-(C.51).

Note the following integrals

B
B
2 2 2 2 3
1 f (B_ - Bz + £)dz = l[ﬂ_ Bz +Z11-=0 (C.52)
B+ 3 2 B 3 2 6 0o
F 1 ify-=0
sin(y_B) - sin(y 0 =
B+ By, if g,>0

Substitute Equations (C.52)-(C.53) into Equation (C.44) after integrating Equation
(C.44) with respect to z and dividing by B. Also substitute in the infinite series
solution given by Equation (C.43a). The 2-D, steady-state hydraulic head is
computed as:
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_ _yv2
Hlcy=) = Hy+ (HyH) X + KL;TXE)
Do XOGmx) (e XU X,
i K BISIgn(yz y) - sign(y,- y)Il TR X(Xy— Xq) :
L o0PUx-x), % s (Bmx) (C.54)
5 ] BLK, m§1 ] [cos(B,,x,)- cos(B,x,)]
K K
~BulVi-VIA| = ~Bnlya-Yia| —
slsign(y,- y)- e ’ y@ - sign(y,- y)-e = y\lj
where
B,,=TimI/L (C.55)

and the spatial derivatives of the hydraulic head

(Hy-Hy) - (L-2x)
L 2K B

(x2 - x12)
[sign(y, - y) - sign(y,- Y- ———

+ (x- x,) U(x- x,)]
co (BmX)

oH
_X! !oo =
aX(y)

2KB + (6= X))~ (x-x) U(x-Xx,)

E (C.56)

" BLK, it

BLK ————[cos(B,x,) - cos(B,x,)]

m

] -Bmlm-YI\J% ] = Bl¥- yl\lg
sign(y,- y)-e v - sign(y,-y)-e

o]

F (BmX)
BL,/K.K, m=1

%(x,y,oo) = - [cos(B,X,)- cos(B,x;)]

m

K. K
- Bmly1-YIq 7* = BrlY2~ ¥l 7‘
e Yy - e 14

(C.57)
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Special 2-D x, z Cross-Sectional Case

K,~0
y2—> + oo

y1—>—00

The 2-D cross-sectional groundwater mounding problem for the x, z domain can be
computed by setting K, = 0 and y, = + »and y, = -~ in Equation (C.44):

x-x?) , I (B_2 _ By s z_2)

Ax.ze) = Hy + (Hy- H)X +
oze) = Hy v (Fpm Falp 2K,B KB " 3 2

21 o cos(w2)
KB nh-1 wisinh(aL)

inh[a(L- x)] + sinh(ax)}

2_ .2
. F | X(x; - x7) . X(%,-x) - (x- x,2U(x- x,) . (X- X, U(x- x,)
K.B 2L 2 2
2 2 (C.58)
._F U(x- x,)- U(x- x,) B” Bz + £
K.,B 3 2

F o cos(y,2)
KB n=1 lpf,sinh(aL)
- sinh[a(L- (x- x,)]U(x- x,) + sinh[a(L- (x,— x))]U(X,- )

inh[a(L- (x+x,))] - sinh[a(L- (x+ X,))]

+sinh[a(L- (x- x,)]U(x- x;) - sinh[a(L- (x,— x))]U(x,- x)}

where
B, = mm/L
y, = nn/B

(0

W, KJK,
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-

21 o cos(y)
B/KK. n-1 g, sinh(al)

[- cosh[a(L- x)+ cosh(ax)]

L [- (x22—x12) + (X-X;) - (X-x)U(x-x,) + (x-x,)U(x-x,)]
KB 2L 27 X 1 1 2 2 (C.59)
F o cos(w2) [ e s
BIKK n§1 m{ cosh[a(L- (x+ x,))] + cosh[a(L- (x+ x,))]
+cosh[a(L- (x- x,))]U(x- x,) + cosh[a(L- (x,- x))]U(x- x,)
- cosh[a(L- (x- x,))]U(x- x;) - cosh[a(L- (x,- x))]U(x,- x)}
oH _ ! p. . F N e A,
g(x,z,w) = KZB( B+z) KZB[U(X X;) = Ux=x,)[(- B+ 2)]
20 o osin(w2) [ o
+ KB n§1 v sinh(aL) {smh[a(L X)] smh(ax)}
F = sin(y,2) (C.60)

" KzB I’I§1 lUnSinh(dL) {sinh[a(L— (X+ X1))] - Sinh[G(L— (X+ XZ))]

- sinh[a(L- (x- x,)]U(x- x,) + sinh[a(L- (x,- x))]U(x,- X)

+sinh[a(L- (x- x,))]U(x- x,) - sinh[a(L- (x,- x)]U(x,- x)}

Special 1-D Longitudinal Case

K, -0
y2—>+oo
Y- -
K, -0

The 1-D longitudinal groundwater mounding problem can be found by setting K, = 0
and y, =+, y, = - in Equation (C.55).
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Appendix C Analytical Solution for 3-D Steady-State Groundwater Flow

_y2
H*(x) = H, + (Hy- H1)% + 7’“2’:( ; )
_oF [x(x22 - X)) Lx(X,- X,) | Lo xPU- x) - L(x- X,)2U(x- X)) 6t
BLK,| 4 2 4 4 (c.61)
OH" (y o) - (Ho- Hi) . IL-2x)
ox L 2K.B
oF (x22 - x12) L(x,- x;) Lx-x)U(x-x,) L(x-x)U(x- xz)}
_ _ " - (C.62)
BLK, | 4 2 2 2

Special Depth Averaged Solution

H(x,y,z,»)dz

Z1 22
f dz
Z4

h(x.y,~) =

The 3-D solutions given by Equations (C.44)-(C.47) can be depth averaged
by integrating each equation with respect to z from z, to z, and then dividing
through by z, - z, (where B>z,>z,>0). The resultant values will represent the
average value of the variable over the depth interval z, to z,. The following
new variables are defined as:

Z

hxys) = | BEY20) g (C.63)
2 (22-2)
Mgy = | SHovz=) .1 g (C.64)
ox 2, ox (z,- zy)
Ny = [ b2 1 g (C.65)
ay z, ay (22_21)
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Appendix C Analytical Solution for 3-D Steady-State Groundwater Flow

M ixyey = | HOYZ=) 1 g (C.66)
oz 4 0z (z,- zy)

Upon integration, Equations (C.44) - (C.47) reduce to:

o) = e (H_HAX L Mx-x?)
Alxy=) = Hi v (o= Ha 2K B KB
2 B(z,+ 2, + z?2
[% ~ (222 z,) , & Z1622 Z1)) (C.67)
2y ISz SNzl - X))+ sinh(ax)]
KB n=1 (22—21)L|Jisinh(o(L)
"o S 15i0n(y,~ )~ san(y, - VU= )~ Uk )
B2 B(z+z) . 27+ 2,2,+ 20)
3 2 6
F . o [sin(w,z,) - sin(,z,)] | .
- S glsignly, - y) - signly, - y)I ¥ — inh[at(L~ (x+x4))]
2K,B n=1 y,(z,- z,)sinh(aL)
- sinh[a(L- (x+ x,))] - sinh[a(L- (x- x,)]U(x - Xx,)
+sinh[a(L- (x, - x))]U(x,x) + sinh[a(L- (x- x,))]U(x- X,)
- sinh[a(L- (X, - x)]U(x, - x)}
oo Kx
i “Bulyi- YAl —
- LgK X Sm(E”’x )[cos(B,,,x1) = cos(B,xy)]¢sign(y,-y)-e G
X m=1 Bm

] - Bmlyz-yl\lg
- sign(y,-y)+e Y

C-22



Appendix C Analytical Solution for 3-D Steady-State Groundwater Flow

oF & [sin(y,z,)- sin(y,z,)] = sin(B,,x)
_2F [cos(B,,x,)~ cos(B,X,)]
LB p-=1 Wn(2,- ) m=1 Bm(Biva"' wﬁKZ) m "
ole” " Vsign(y,-y) - e ™ VIsign(y,- )]

where

B, = mti/L

W, = nm/B

. - | Bk wiK,

o = y,/KJK,
Py = Lo M2
1
__ 2 v [Si:(wnzz)_ s.in(lunz1)] {— cosh[a(L- x)]+ cosh(ax)}
B/K\K, n=1 y,(z,- z;)sinh(aL) (C.68)
e Ftsigntyy ) signt - P 4 0 - U x)

2K B

X

2L

+ (x- X)) U(x- x,)]

Ny - —F P (oos(B)-cos(B)]  (C.69)
oy LB/KK, m=1 B,
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Appendix C Analytical Solution for 3-D Steady-State Groundwater Flow

2F & [sin(w,z,)-sin(y,z)] & cos(B,x)

- ———F——[cos(B,X,) - cos(B,x,)]
L n§1 W,(2,- 2y) m=1 (B5K + WK, e e
.{e‘a|Y1‘Y| sign(y1 _ y) - e -aly,-yl Sign(yz— y)}

K

B V1= YIA| —

Ly Pl sl - cosBe sy, e %
X m=1 Bm

. _Bm |y2_y| \lg
- sign(y,-y) *e Y

_2F y [foos@zmcosizl g SBI pogg ) cos(,)
LB p=1 (2, 2) m=1 B, (B2K, + WK,
. {e'a'“'y' - sign(y,~y) ~e " sign(yz—y)}
o —Bmlyryl\l% . e—Bmlyz—y\l%
2F & [sin(w,z))-sin(w,z)] % sin(B,x)
LB n§1 Wn(2,- Zy) m§1 2
n B K, (B2 K, w,K)

*[cos(B,X,)- cos(B,x,)] {e—a|Y1—Y|_ e—a|yz-yl}

2 2 ) 2U i
+ﬁ Isign (y,- y) - sign(y;- y)|- ""‘22 L"” XX - X1)2(x x,)
, X X,)2U(x- X,)
2
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Appendix C Analytical Solution for 3-D Steady-State Groundwater Flow

a_h(x,y,oo) = _I(—B+ M)
0z

KB 2

_2 [cos(y,z,) - cos(y,z
KBn=1 y?(z,- z,)sinh(aL)

E_Isign(y,- y)- sign(y, - IIUCc- x,) - U x)l[- B+ A

2B 2 (C.70)

[o o]

__F [sign(y,- y)- sign(y,- y)] Y, [Coj(lIJ,,Zz)— C.OS(Lpnz1)]
2B n=1 Wy, (z,- z,)sinh(aL)

-{sinh[a(L— (x+x,)]- sinh[a(L- (x+ x,))] - sinh[a(L- (x- x,))]U(x- X,)
+sinh[a(L- (x,- x))]U(x, - x) + sinh[a(L- (x- x,))] U(x~- x,)

! {sinh[a(L— x)] + sinh(ax)}

+

- sinh[a(L- (x,- x))] U(x,- x)}

——Flsign(y,-y)- sign(y,-y)] Y Sbes)” S
2ByKK n=1 Wy(z,- z,)sinh(arL)

{— cosh[a(L- (x+ x,))lcosh[a(L - (x+ x,))] + cosh[a(L- (x- x,))]U(x- x,)
+cosh[a(L- (x,- x))]U(x,~- x) - cosh[a(L- (x- x,)]U(x- x,)

- cosh[a(L- (x,- x)]U(x, - x)}
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APPENDIX D

VERIFICATION AND VALIDATION OF THE
EPA'S COMPOSITE MODEL FOR TRANSFORMATION
PRODUCTS (EPACMTP), AND ITS DERIVATIVES
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